
1.A. OVERVIEW OF FSA’S AND FST’S 27

1.A Appendix: An Overview of Finite-State Automata
and Transducers

In this appendixI give an overview of regular languagesand relations,and their
associatedcomputationaldevices,finite-stateacceptors(FSA’s) andfinite-statetrans-
ducers(FST’s). Thecoveragehereis necessarilybrief, andfor furtherdiscussionother
sourcesarerecommended.Finite-stateacceptorsandregularlanguagesarediscussed
in any good introductionto the theoryof computation:see,for example(Harrison,
1978;HopcroftandUllman, 1979;Lewis andPapadimitriou,1981). There arefew-
er introductoryworkson transducers.Onereasonablyaccessiblediscussion(dealing
with transducers)canbefoundin (KaplanandKay, 1994).Onemightalsoconsultthe
third chapterof (Sproat,1992)for an in-depthintroductionto the useof finite-state
transducersin computationalphonologyandmorphology. For transducers(aswell as
weightedacceptors),thereis a recentpaperby Mohri (1997) that discussesvarious
formalpropertiesandalgorithms,andvariousotherrelevantworksarecitedtherein.

1.A.1 Regular languagesand finite-stateautomata

Basic to the theoryof automatais the notion of an alphabetof symbols;the entire
alphabetis conventionallydenoted

�
. Theemptystring is denotedby � , which is not

anelementof
�

; also,theemptystringis distinctfrom theemptyset � . ��� denotesthe
setof all strings— including � — over thealphabet

�
.

It is usual to definea regular language with a recursive definition suchas the
following (modeledon thatof (KaplanandKay, 1994,page338)):

1. � is a regularlanguage

2. For all symbols��� �	� � , 
��
� is a regularlanguage

3. If ��� , ��� and � areregularlanguages,thensoare

(a) � ��� � � , the concatenationof � � and � � : for every � � ��� � and � � ��� � ,
� � � � ��� ��� � �

(b) � � � � � , the unionof � � and � �
(c) � � , the Kleeneclosureof � . Using ��� to denote� concatenatedwith itself�

times, � �������
�! #" ��� .

While theabove definition is complete,regular languagesobserve additionalclo-
sure properties:

$ Intersection: if � � and � � areregularlanguagesthensois � �&% � � .
$ Difference: if ��� and ��� areregular languagesthenso is ���(')��� , the setof

stringsin ��� thatarenot in ��� .
$ Complementation: if � is a regular language,thenso is

��� ')� , the setof all
stringsover

�
thatare not in � . (Of course,complementationis merelyaspecial

caseof difference.)
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Figure1.3: An acceptorfor *,+.- . Theheavy-circledstate(0) is (conventionally)theinitial state,
andthedouble-circledstateis thefinal state.

$ Reversal: if � is aregularlanguage,thensois /1032546��7 , thesetof reversalsof all
stringsin � .

Regularlanguagesaresetsof strings,andthey areusuallynotatedusingregularexpres-
sions. A fundamentalresultof automatatheoryarethe so-calledKleene’s theorems,
which demonstratethatregularlanguagesareexactly thelanguagesthatcanberecog-
nizedusingfinite-stateautomata, wherethis computationaldevice canbe definedas
follows(Harrison,1978;HopcroftandUllman,1979;LewisandPapadimitriou,1981):

A finite-stateautomatonis a quintuple 8 � 4:9	;=<>;@?A; � ;@B,7 where:

1. 9 is afinite setof states

2. < is a designatedinitial state

3. ? is a designatedsetof final states

4.
�

is analphabetof symbols,and

5. B is a transitionrelationfrom 9DC � to 9
As asimpleexample,considerthe(infinite) setof strings: 
3�5;@�FE�;=�FE.E�;@�FE.EGEIHGHGH � —

i.e. the setconsistingof � followed by zeroor more E s. The mostcompactregular
expressiondenotingthis setis �FE � . Furthermore,the languagecanbe recognizedby
thefinite-statemachinegivenin Figure1.3.

1.A.2 Regular relationsand finite-state transducers

Regular n-relationscan be definedin a way entirely parallel to regular languages.
Again, thedefinitiongivenhereis modeledon thatof KaplanandKay (1994):

1. � is a regularn-relation

2. For all symbols���KJL4 �M� �N7�CMHGHOHPCM4 �M� �N7RQ , 
��S� is a regularn-relation

3. If /1� , /T� and / areregularn-relations,thensoare
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(a) /U� � /T� , the (n-way)concatenationof /1� and /T� : for every VW�1�X/1� and
V � ��/ � , V � V � ��/ �A� / �

(b) /U� � /(�
(c) / � , the n-wayKleeneclosure of / .

Onecanthink of regular n-relationsasacceptingstringsof a relationstatedover an
m-tupleof symbols,andmappingthemto stringsof a relationstatedover a k-tuple
of symbols,where Y[Z]\ �_^

. We canthereforespeakmorespecificallyof Y`C�\ -
relations.As in thecaseof regularlanguages,therearefurtherclosurepropertiesthat
regularn-relationsobey:11

$ Composition: if / � is aregular \&C�Y -relationand / � is aregular Y`Cba -relation,
then / �dc / � is a regular \&C#a -relation.Compositionwill beexplainedbelow.

$ Reversal: if / is a regularn-relation,thensois /T032b4:/U7 .
$ Inversion: if / is a regular Y)C ^ -relation, then /fe � , the inverse of / , is a

regular
^ C�Y -relation.

Onecomputesthe inverseof a transducerby simply switching the input andoutput
labels.Thefactthatregularrelationsareclosedunderinversionhasanimportantprac-
tical consequencefor systemsbasedon finite-statetransducers,namelythat they are
fully bidirectional.Thus,aswe notedin Section1.2.2,a modelof spelling(mapping
from the ORL to g ) canbe turnedinto a modelof reading(mappingfrom g to the
ORL) by simply invertingtheFSTimplementing8ihkj#lSm1n .

For mostpracticalapplicationsof n-relationŝ
X�po

(sothat \ and Y areobviously
both q ).12 In thiscasewecanspeakof arelationasmappingfrom stringsof oneregu-
lar languageinto stringsof another. In thiswork wewill beconcernedexclusivelywitho
-relations,andwe will usethetermregular relationswith thatmeaningthroughout.

Thecomputationaldevicecorrespondingto aregularrelationis afinite-statetrans-
ducer. Thedefinitionof FSTcanbemodeledon thedefinitionof FSA’s givenabove,
so we will merelyillustrateby example,ratherthanessentiallyrepeatthe definition.
Saywe haveanalphabet

��� 
��S;rE�;@s,;@t
� anda regularrelationover thatalphabetex-
pressedby theset: 
u4:�5;@sO7 , 46�uEW;@s.tu7 , 4:�FE.E�;=s.t>tu7 , 4:�FE.E.E�;=s.tvt>tu7 . . . � . This relationthus
consistsof � mappingto s followedby zeroor more E ’smappingto t . Thisrelationcan
berepresentedcompactlyby the two-wayregular expression a:c (b:d)

�
. Figure1.4,

depictsanFSTthatcomputesthis relation.Wereferto theexpressionson thelefthand
sideof the‘:’ astheinputside,andtheexpressionson therighthandsideastheoutput
side. Thus,in Figure1.4, the input sideis characterizableby the regularexpression
�FE � , andtheoutputsideby theexpressions.t � .

Compositionof regular relationshas the sameinterpretationas compositionof
functions: if /1� and /T� are regular relations,then applying /U� c /T� to an input

11Theomissionof difference,complementationandintersectionareintentional.In general,regular rela-
tionsarenot closedundertheseoperations,thoughsomeimportantsubclassesof regular relationsare.See
(KaplanandKay, 1994)for furtherdiscussion.

12Oneexceptionis thework of Kiraz (1999).
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Figure1.4: An FSTthatacceptsa:c (b:d)- .

expressionw is the sameasapplying / � to w first andthenapplying / � to the out-
put. Figure1.5 depictstwo transducers,labeledx � and x � . x � computestherelation
expressableas (a:c (b:d)

�
) y ((e:g)

�
f:h) (where y denotesdisjunction),whereasx �

computesg:i � :j h:k
�

(with the � : z term insertinga z ). The resultof composingthe
two transducerstogether— x �vc x � — is atransducerthatcomputesthetrivial relation,
e:i � :j f:k. In thisparticularcase,thoughboth xk� and x#� expressrelationswith infinite
domainsandranges,theresultof compositionmerelymapsthestringef to ijk.

One other notion that is worth mentioningis the notion of projection onto one
dimensionof a relation. For example,for a 2-way relation / , {#�,46/U7 projects/ onto
thefirst dimensionand {S�v4:/U7 projectsontotheseconddimension.Projectionapplied
to anFSTproducesanFSA correspondingto onesideof thetransducer. Thusthefirst
projection( {b� ) of thetransducerin Figure1.4is theacceptorin Figure1.3.
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Figure1.5: Threetransducers,where}
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