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1.A Appendix: An Overview of Finite-State Automata
and Transducers

In this appendixl give an overview of regular languagesand relations,and their
associatedomputationatlevices, finite-stateacceptor§FSAs) andfinite-statetrans-
ducerqFST’s). Thecoveragehereis necessarilyrief, andfor furtherdiscussiorother
sourcesarerecommendedFinite-stateacceptorandregularlanguagesrediscussed
in ary goodintroductionto the theory of computation:see,for example(Harrison,
1978;HopcroftandUliman, 1979; Lewis andPapadimitriou,1981). There arefew-
er introductoryworks on transducersOnereasonablhaccessiblaliscussiondealing
with transducersganbefoundin (KaplanandKay, 1994). Onemightalsoconsultthe
third chapterof (Sproat,1992)for anin-depthintroductionto the useof finite-state
transducerén computationaphonologyandmorphology For transducergaswell as
weightedacceptors)thereis a recentpaperby Mohri (1997)that discussevarious
formal propertiesandalgorithms,andvariousotherrelevantworks arecitedtherein.

1.A.1 Regular languagesand finite-state automata

Basicto the theory of automatais the notion of an alphabetof symbols;the entire
alphabets corventionallydenoted:. The emptystring is denotedby ¢, which is not
anelemenbf ¥; also,theemptystringis distinctfrom theemptyset. ~* denoteghe
setof all strings— includinge — overthealphabet.

It is usualto definea regular language with a recursve definition suchas the
following (modeledon thatof (KaplanandKay, 1994,page338)):

1. @ is aregularlanguage
2. Forall symbolsa € ¥ U, {a} is aregularlanguage
3. If Ly, Ly andL areregularlanguagesthensoare

(a) L1 - Lo, the concatenatiorof L; andLs: for everyw; € Ly andwy € Lo,
wiwy € Ly - Ly

(b) L1 U Ly, the unionof L; and L,

(c) L*, the KIeenecIosuyeof L. UsingL* to denoteL concatenatedith itself
itimes,L* = U2 L.

While the above definitionis complete regularlanguage®bsenre additionalclo-
sure properties:

e Intersection if Ly andL, areregularlanguageshensois Ly N L.

o Difference if L; and L, areregularlanguageshensois L; — L,, the setof
stringsin L, thatarenotin L.

e Complementationif L is aregularlanguagethensois ¥* — L, the setof all
stringsoverX: thatare notin L. (Of coursecomplementatiois merelyaspecial
caseof difference.)



28 CHAPTER1. READING DEVICES

b
O——C

Figurel.3: An acceptofor ab*. Theheavy-circledstate(0) is (corventionally)theinitial state,
andthedouble-circledstateis thefinal state.

e Reversal if Lisaregularlanguagethensois Rev(L), the setof reversalsof alll
stringsin L.

Reyularlanguagesresetsof strings,andthey areusuallynotatedusingregular expres-
sions A fundamentalesultof automataheoryarethe so-calledKleenes theorems,
which demonstratéhatregularlanguagesreexactly thelanguageshatcanberecog-
nized usingfinite-stateautomata wherethis computationablevice canbe definedas
follows (Harrison,1978;HopcroftandUliman, 1979;Lewis andPapadimitriou,1981):

A finite-stateautomatons aquintupleM = (K, s, F, ¥, §) where:
. K is afinite setof states

. s isadesignatedhitial state

. F is adesignatedetof final states

. X isanalphabebf symbols,and

a b~ WO N B

. 0 is atransitionrelationfrom K x ¥ to K

As asimpleexample considetthe (infinite) setof strings:{a, ab, abb, abbb . . .} —
i.e. the setconsistingof a followed by zeroor morebs. The mostcompactregular
expressiondenotingthis setis ab*. Furthermorethe languagecanbe recognizecby
thefinite-statemachinegivenin Figurel.3.

1.A.2 Regularrelationsand finite-state transducers

Regular n-relationscan be definedin a way entirely parallel to regular languages.
Again, the definitiongivenhereis modeledon thatof KaplanandKay (1994):

1. fisaregularn-relation
2. Forall symbolsa € [(EUe€) x ... x (£ Ue€)], {a} isaregularn-relation

3. If Ry, R, andR areregularn-relationsthensoare
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(a) R; - Ry, the (n-way)concatenatiorof R; andR,: for everyr; € R; and
ro € RQ, rire € R1 'Rz

(b) R1 U Ry
(c) R*,the n-wayKleeneclosue of R.

Onecanthink of regular n-relationsas acceptingstringsof a relation statedover an
m-tuple of symbols,and mappingthemto stringsof a relation statedover a k-tuple
of symbols,wherem + k& = n. We canthereforespeakmore specificallyof m x k-
relations.As in the caseof regularlanguagestherearefurther closurepropertieghat
regularn-relationsobey:*t

e Compositionif R; isaregularkxm-relationandR; is aregularm x p-relation,
thenR; o R, is aregularkx p-relation.Compositiorwill be explainedbelow.

e Reversal if R isaregularn-relationthensois Rev(R).

e Inversion if R is aregularmxn-relation,then R~1, the inverse of R, is a
regularn xm-relation.

One computeshe inverseof a transducetby simply switching the input and output
labels.Thefactthatregularrelationsareclosedunderinversionhasanimportantprac-
tical consequencéor systemsbasedon finite-statetransducerspamelythatthey are
fully bidirectional. Thus,aswe notedin Sectionl.2.2,a modelof spelling(mapping
from the ORL to T') canbe turnedinto a model of reading(mappingfrom I to the
ORL) by simply invertingthe FSTimplementingMo gz —r -

For mostpracticalapplicationof n-relationsn = 2 (sothatk andm areobviously
both1).1? In this casewe canspeakof arelationasmappingfrom stringsof oneregu-
lar languagento stringsof another In thiswork we will beconcerneaxclusively with
2-relations,andwe will usethetermregular relationswith thatmeaningthroughout.

Thecomputationatlevice correspondingo aregularrelationis afinite-statetrans-
ducer. Thedefinitionof FST canbe modeledon the definition of FSAs givenabove,
sowe will merelyillustrate by example,ratherthan essentiallyrepeatthe definition.
Saywe have analphabe® = {a, b, ¢, d} andaregularrelationover thatalphabeex-
pressedy the set: {(a, c), (ab, cd), (abb, cdd), (abbb, cddd) ...}. Thisrelationthus
consistof a mappingto ¢ followedby zeroor moreb’smappingo d. Thisrelationcan
be representedompactlyby the two-wayregular expression a:c (b:d)*. Figurel.4,
depictsan FSTthatcomputeghis relation.We referto the expression®n thelefthand
sideof the':’" astheinputside,andtheexpression®n therighthandsideasthe output
side. Thus,in Figure 1.4, the input sideis characterizabléy the regular expression
ab*, andthe outputsideby the expressiored*.

Compositionof regular relationshasthe sameinterpretationas compositionof
functions: if R; and R, are regular relations,then applying R; o R, to an input

11The omissionof difference complementatiomndintersectiorareintentional.In generalregularrela-
tionsarenot closedundertheseoperationsthoughsomeimportantsubclassesf regularrelationsare. See
(KaplanandKay, 1994)for furtherdiscussion.

120neexceptionis thework of Kiraz (1999).
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Figurel.4: An FSTthatacceptsa:c (b:d)*.

expression! is the sameasapplying R; to I first andthenapplying R, to the out-
put. Figure 1.5 depictstwo transducerdabeledT; andT». T; computesherelation
expressableas (a:c (b:d)*) | ((e:g)* f:h) (where| denotesdisjunction), whereasT,
computesy:i e:j h:k* (with thee:j terminsertinga j). The resultof composingthe
two transducersogether— T3 o 75 — is atransducethatcomputeghetrivial relation,
e:i €;j f:k. In this particularcasethoughbothT; andT» expressrelationswith infinite
domainsandrangestheresultof compositionmerelymapsthe string ef to ijk.

One other notion that is worth mentioningis the notion of projection onto one
dimensionof arelation. For example,for a 2-way relation R, 71 (R) projectsR onto
thefirst dimensionandrs (R) projectsontothe seconddimension.Projectionapplied
to anFST producesan FSA correspondingo onesideof thetransducerThusthefirst
projection(r;) of thetransducem Figurel.4is theacceptoin Figurel.3.
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Figurel.5: ThreetransducersyhereTs = T o T
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